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ABSTRACT
One of the most important predictions of any gap model for pulsar magnetospheres
is the predicted γ-ray spectra. In the outer gap model, the properties of the synchro-
curvature radiation are sensitive to many parameters, whose realistic ranges have
been studied in detail in an accompanying paper. There we demonstrated that the
uncertainty in the radius of curvature, the magnetic field geometry, and the X-ray
surface flux may affect by orders of magnitude the predicted flux and spectral peak in
the γ-ray regime. Here, we present a systematic, numerical study of the impact of the
different parameters on the particle dynamics along the gap and calculate the emitted
synchro-curvature radiation along the trajectory. By integrating the emitted radiation
along the gap and convolving it with a parametrized particle distribution, we discuss
how the comparison with the wealth of Fermi-LAT data can be used to constrain
the applicability of the model. The resulting spectra show very different energy peaks,
fluxes and shapes, qualitatively matching the great variety of the observed Fermi-LAT
pulsars. In particular, if we see a large fraction of photons emitted from the initial part
of the trajectory, we show that the spectra will be flatter at the low-energy Fermi-LAT
regime (100 MeV – 1 GeV). This provides a solution for such observed flat spectra,
while still maintain synchro-curvature radiation as the origin of these photons.
1 INTRODUCTION
The γ-ray detections of pulsars have been steadily increasing
during the last few years, reaching more than one hundred
sources (Abdo et al. 2013). This wealth of data allows to
quantitatively analyze the different gap models. The light
curves, for instance, have been used to constrain the emis-
sion sites in the magnetosphere (e.g., Watters et al. 2009;
Pierbattista et al. 2015). In this paper, we focus on the con-
tribution of the synchro-curvature radiative losses to the γ-
ray spectra, within the outer gap (OG) model (Cheng et al.
1986a,b; Zhang & Cheng 1997).
In an accompanying paper (Vigano` et al. 2015a, here-
after referred to as Paper I), we have focused on the as-
sumptions underlying the OG model. Here we evaluate the
impact of such uncertainties on the predicted γ-ray spectra.
In particular, we study whether the variety of the observed
spectra can constrain the model parameters, like the radius
of curvature, or the typical Lorentz factor of particles, as-
suming that the detected radiation originates from synchro-
curvature losses.
The paper is organized as follows. In §2 we calculate
and discuss the optical depth of the pair production process
via photon-photon interaction. In §3 we numerically solve
the dynamics of a particle in the outer gap, and, using such
trajectories, we calculate the γ-ray spectrum considering the
position-dependent values of the different parameters. This
is a new approach to the spectral calculations, which usually
rely on analytical approximations and does not consider the
initial part of the trajectory where synchrotron losses can
be important. We also rely on the accompanying study, Pa-
per I, as well as on the synchro-curvature loses discussed by
Cheng & Zhang (1996), but expressed under a new formu-
lation, presented in Vigano` et al. (2015b). In §4 we present
and discuss the resulting spectra for different models. In §5
we discuss the impact of the results, and the future applica-
tions of this study.
2 PAIR PRODUCTION
We consider an OG supported by the interaction between
the γ-ray photons produced in the gap and the soft X-ray
surface photons emitted by the hot neutron star (NS) sur-
face. The mechanism sustaining the gap is self-consistent
if enough pairs can be produced and emit curvature γ-ray
photons, a fraction of which, in turn, scatter against X-rays.
The efficiency of the pair production basically depends on
the energies and fluxes of the photons.
The cross section of the γ-γ pair production, for two
photons having energies E1, E2 is (Gould & Schre´der 1967):
σγγ =
3σT
16
(1− µ2)×
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Figure 1. Specific optical depth for photon-photon pair production for a γ-ray photon, Eq. (5), for different surface temperatures: from
left to right kT = 100, 150 eV (top), 200 and 500 eV (bottom). We assume face-on scattering, i.e., cosψ = −1, and rin = 2.5× 10
8 cm,
rout = 5× 108 cm, and rbb = 10 km. The different colors indicate the γ-ray energy, taken in the range 10
9 − 1012 eV.
[
2µ(µ2 − 2) + (3− µ4) ln
(
1 + µ
1− µ
)]
, (1)
where we have used the Thomson cross section
σT =
8π
3
(
e2
mc2
)2
= 6.65 × 10−25cm2 , (2)
e is the elementary charge, m the electron mass, and c the
speed of light, and
µ =
√
1− 2(mc
2)2
(1− cosψ)E1E2 . (3)
Here, ψ is the angle between the propagation directions for
the two photons. The maximum value of the cross section is
obtained for µmax = 0.701 (which means 1−µ2max ≃ 0.5, see
also §2.5 of Vigano` et al. 2015a for further discussion). The
scattering is assumed to take place between thermal X-rays
proceeding from the surface and γ-ray photons emitted by
the accelerated particles. The optical depth along the gap is
τγγ(Eγ) =
∫
EX
∫
lγ
dτγγ
dE
dlγ dE , (4)
where the specific optical depth (i.e., the optical depth per
unit energy) is
dτγγ
dE
(E,Eγ) = (1− cosψ)dnX
dE
(E, r)σγγ(E,Eγ) , (5)
and the integral in Eq. (4) is performed along the line traced
by γ-ray photons inside the gap, lγ . Assuming that the NS
surface emit isotropically as a blackbody with a uniform
temperature T over the emitting region rbb, the X-ray pho-
ton density distribution is
dnX
dE
(E, r) =
(rbb
r
)2 2π
(hc)3
E2
eE/kT − 1 . (6)
The temperature can be fixed by considering the long-term
cooling, which mostly depends on the age and on many un-
certain properties (envelope composition, interior magnetic
field configuration, superfluidity, equation of state, etc.). Al-
ternatively, one can use the estimated temperature of the
heated polar cap, Th. This value, in turn, contains depen-
dences on B⋆, P , and, to a lesser extent, on microphysical
parameters like the local pair multiplicity, the geometry and
the bombardment efficiency. Both of these choices, and the
ranges expected for T are discussed in Paper I.
We now calculate the optical depth for a given X-ray
flux. For simplicity, we assume a γ-ray photon propagating
inward radially, between the boundaries rin and rout, with
head-on collisions, ψ = π. In the following results, we also fix
rin = 2.5×108 cm, rout = 5×108 cm, and rbb = 10 km. The
gap is sustained if, for each primary pair, a large number
Nγ of γ-ray photons are created, so that τγγNγ ∼ 1 for a
given energy Eγ . If the pairs are too many, then the gap size
will be reduced due to screening. On the other hand, if the
pairs are too few, then the gap will grow larger. A precise
estimate ofNγ must consider the complete cascade dynamics
and radiative processes. The simulations by Hirotani (2013)
find that the outflowing photons are more numerous, but
c© 0000 RAS, MNRAS 000, 000–000
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Figure 2. Comparison of τγγ , Eq. (4), for the same models of
Fig. 1 (surface temperature indicated in the legend).
less likely to interact (almost tail-on scattering), compared
to the inflowing photons.
In each panel of Fig. 1, we show the specific optical
depth resulting from Eq. (5) for a given surface tempera-
ture, for different γ-ray energies, ranging from 109 to 1012
eV, represented by different color lines. For each of them,
the steep vertical drop at low energies represent the energy
threshold, for which µ = 0 and the cross-section vanishes,
Eq. (1).
Since in the analytical models of the OG the energies
of γ-ray photons are fixed to a single value, it is useful to
look at the energy for which the specific optical depth is the
largest. For Eγ = 1 GeV (blue lines), the specific τ rises
sharply and the maximum lies at . 2Emin (the latter being
the energy for which the sharp drops begins). For larger γ-
ray energies, the energy-dependence of the specific optical
depth is less pronounced.
The integrated optical depth, Eq. (4), depends on the
spectral distribution of the thermal photons. In Fig. 2 we
compare τ for the models shown in Fig. 1. The larger the
temperature, i.e., the X-ray flux, the larger the maximum
τγγ . Note that the optical depth scales with the position of
the gap, and with the size of the emitting region, rbb. As a
consequence, for a fixed temperature, the optical depth can
be several orders of magnitude smaller or larger. Regardless
of that, however, we can generally identify the energy where
τγγ peaks (Fig. 2):
Eγ(τmax) ∼ 0.25
kT [keV]
GeV . (7)
As discussed in Paper I, the outer gap models rely on the
estimate of the typical energy of the interacting photons.
Since the cross-section depends on the product EXEγ , one
can introduce a parameter kγ to estimate the most likely
interacting γ-ray photon, for a given X-ray flux given by a
blackbody distribution:
Eγ =
kγ
kT [keV]
GeV . (8)
The value of kγ implicitly includes the choices of the typical
energies of both photons (see § 2.5 of Paper I). Given the
optical depth shown in Fig. 2, and Eq. (7), we consider kγ ∼
0.1− 0.3, corresponding to the energies of γ-rays where the
optical depth is larger. Note that, instead, Zhang & Cheng
(1997) consider an X-ray photon with energy EX = 3 kT ,
and estimate the minimum required γ-ray energy to interact
with it, i.e., for which the cross section vanishes, Eq. (1). In
other words, they consider Eγ = (mec
2)2/3kT , i.e., kγ =
0.087, a value for which the optical depth is relatively small
(see Fig. 2).
3 THE γ-RAY SPECTRUM
3.1 Losses per particle
In the OG model, the γ-ray radiation is thought to be
produced by a population of relativistic pairs spiraling
around, while sliding, curved magnetic field lines. These par-
ticles produce synchro-curvature radiation. Cheng & Zhang
(1996) derive and discuss the formulae describing the energy
loss for one particle, and Vigano` et al. (2015b) have recently
simplified these to the following:1
dPsc
dEγ
=
√
3e2Γy
4π~reff
[(1 + z)F (y)− (1− z)K2/3(y)] , (9)
where
F (y) =
∫ ∞
y
K5/3(y
′)dy′ , (10)
y =
E
Ec
, (11)
Ec =
3
2
~cQ2Γ
3 , (12)
where Ec is the characteristic energy, Kn are the modified
Bessel functions of the second kind of index n, and
Q2 =
cos2 α
rc
√
1 + 3ξ + ξ2 +
rgyr
rc
, (13)
rgyr ≡ mc
2Γ sinα
eB
, (14)
ξ ≡ rc
rgyr
sin2 α
cos2 α
, (15)
z = (Q2reff)
−2 , (16)
reff =
rc
cos2 α
(
1 + ξ +
rgyr
rc
)−1
, (17)
gr =
r2c
r2eff
[1 + 7(reffQ2)
−2]
8(Q2reff)−1
. (18)
Here, rc is the radius of curvature of their trajectory, rgyr
is the Larmor radius, and reff , Q2, ξ, and gr are factors in-
troduced to provide a compact formula and explicitly distin-
guish the limiting cases. The peak of the spectrum is located
close to Ec and, for energies E ≪ Ec, the dominant term
in Eq. (9), F (y), provides a precise value for the low energy
(low-energy) slope spectrum behavior, dPsc/dE ∼ E0.25. In
1 The expression for the γ-ray spectrum given by equation (57)
in Zhang & Cheng (1997), derived from the original formula of
Cheng & Zhang (1996), has a few typos, which have been taken
over to several other works quoting it. In that equation reff should
be r2eff when it is multiplying Q
2
2 and the factor y multiplying only
K2/3(y) should multiply the whole square bracket of Eq. (19).
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Vigano` et al. (2015b) we describe in which case Eq. (9) re-
duces to synchrotron (ξ ≫ 1) or curvature radiation (ξ ≪ 1)
formulae.
In order to calculate the observed spectrum, one has
to consider the radiation emitted towards the Earth by the
particles which move along the gap. Let us indicate with
dN/dx the number of such particles per unit of distance x
along the line. This effective particle distribution implicitly
takes into account the geometry and beaming effects (i.e.,
it only considers particles which emit radiation pointing to-
ward the Earth) and can, in principle, differ from the total
particle distribution which may never be inferred.
The total spectrum is obtained by integrating the
single-particle spectrum, Eq. (9), along the traveled distance
between the assumed boundaries xin and xout, convoluted
with the effective particle distribution:
dPgap
dEγ
=
∫ xout
xin
dPsc
dEγ
dN
dx
dx
=
√
3e2
2h
y
∫ xout
xin
dN
dx
Γ
reff
× (19)
[(1 + z)F (y)− (1− z)K2/3(y)]dx .
In Eq. (19), the values of the quantities Q2, reff , Ec, dN/dx
depend, in general, on the local values of Γ, sinα, rc, B, and
E‖. Below we discuss the dependence of rc, B, E‖, dN/dx
on x, and the particle dynamics along the gap (evolution of
Γ and sinα).
It is also interesting to note the difference of our ap-
proach to that used for instance by Zhang et al. (2007).
First, we have already commented in Paper I about the
changes introduced by the proper consideration of uncer-
tainties in many of the model parameters (which were before
assumed to adopt a single, fixed value). But in addition, we
are here (see below) considering the solution for the particle
dynamics along the gap, including the full synchro-curvature
effects (whereas only curvature was studied earlier), and in
particular, the initial synchrotron-dominated losses.
This allows us to consistently compute the evolution of
the main quantities of the model (radius of curvature, mag-
netic field) along the gap, and then to compute the spec-
tra using these values. Finally, we note that in Zhang et al.
(2007) the effective particle distribution is assumed as
dN/dx ∼ r9/4c whose normalization and shape is considered
to come from the counting of the pairs produced through the
different particles. In Paper I, we have demonstrated that
these precise quantitative predictions rely on some underly-
ing rough approximations and assumptions, like the depen-
dences on B and P . In particular, Zhang & Cheng (1997) fix
the value of the pitch angle (their Eq. 51), which is not physi-
cally justified (see § 3.3 and Vigano` et al. 2015b), which lead
to a particular dependence with x. However, we do not ex-
pect dN/dx to have such fixed dependence with x, thus we
parametrize it and study different alternatives.
Compared with the synchro-curvature spectra calcu-
lated in Vigano` et al. (2015b), we note two main differences.
First, in that work we calculate the average of the radiation
emitted by a single particle along its trajectory, consider-
ing different relative weights assigned to different positions.
Such weights mimic the geometry and viewing angle effects,
and are implicitly included in the parametrization of dN/dx
of this work. Second, in Vigano` et al. (2015b) we considered
constant values of B, and rc, contrary to what is done here,
where such quantities vary along the gap.
3.2 Geometry and electromagnetic fields
The magnetospheric geometry and the position of the gap
are not well-known (a dipole can only be a rough approxima-
tion in the outer gap, see Paper I), but the basic length-scale
of the problem is the light cylinder, which depends on the
spin period:
Rlc =
Pc
2π
≃ 4.77 × 109P [s] cm . (20)
The OG is thought to extend between the null surface and an
outer boundary close to the light cylinder. As a consequence,
and as we have seen in Paper I, realistic values of x/Rlc are
between 0.3 and a few. Within this range, we can consider it
as a free parameter, with the interval boundaries xin, xout.
Since the integration variable of Eq. (19) is the distance
along the line, x, we have to express rc(x), B(x) and E‖(x).
Given the uncertainties (see the discussion in Paper I), we
parametrize the radius of curvature as
rc = Rlc
(
x
Rlc
)η
. (21)
Close to the surface, η ∼ 0.5, then the relation is less trivial,
so we will take such power law as an effective way to model
our ignorance, with η ∼ 0.2− 1.
The functional form B(x) is discussed in detail in the
appendix of Paper I. Here we briefly summarize the main
considerations. The surface dipolar field B⋆ (at the pole) is
observationally estimated by assuming that the electromag-
netic torque regulates the period evolution:
B⋆ = 6.4× 1019
√
P [s]P˙ G , (22)
where the uncertainties on the moment of inertia, inclination
angle and radius of the NS make such estimate accurate
within a factor of ∼ 2. The distance along the line can be
roughly taken to be of the order of the distance from the
surface, x ∼ r, and, assuming a simple power-law for the
radial dependence B(r) ∼ B⋆(R⋆/r)b, we have that
B(x) = B⋆
(
R⋆
x
)b
. (23)
The numerical solutions for the most simple magnetospheric
configuration of a pulsar (Contopoulos et al. 1999) can be
approximated by a vacuum dipole close to the surface, B ∝
r−3, and by a split monopole B ∝ r−2, close to and beyond
the light cylinder. In the region of interest, the geometry
of a realistic magnetosphere presents more stretched lines
and softer radial decay, compared to a dipolar field, thus we
explore b in the range 2-3 (see Paper I for further details).
Regarding the local value of E‖, the Poisson equation,
solved in the vacuum thin gap limit under several approxi-
mations (Cheng et al. 1986a; Vigano` et al. 2015a), predicts
a proportionality with the magnetic flux across the gap.
Since this is constant by construction (the gap is supposed
to be confined by two magnetic field lines), E‖ is supposed
to be constant along the magnetic field line. This has been
roughly confirmed by numerical calculations for thin gaps
c© 0000 RAS, MNRAS 000, 000–000
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(Hirotani 2006), but it may not apply when screening ef-
fects (given by spatial-dependent pair production) and/or
a non-negligible thickness are considered. However, due to
the lack of adequate formalism able to find more general
solutions for E‖, here we consider a constant value of E‖,
treating such value as a model parameter. Below, we explore
different values of E‖ ∼ 106 − 108 V/m.
A way to constrain this value is, in principle, to impose
the gap closure, as done in the thick OG. Zhang & Cheng
(1997) fix the characteristic energy, Eq. (12), by requiring
that the synchro-curvature characteristic energy, Ec, coin-
cides with the most likely interacting γ-rays, as discussed in
Paper I and in §2 above. Thus, once Ec has been fixed, the
gap is closed and E‖ is estimated as (Paper I)
E‖ =
(
2
3
)7/3
e
c2
(
Eγ
~
)4/3
gr
(Q2rc)4/3
(
2πRlc
Prc
)2/3
≃ 3.6× 106 grR
2/3
lc
Q
4/3
2 r
2
cP [s]
2/3
(
kγ
kT [keV]
)4/3
V
m
. (24)
Relying on this formula, one can establish a possible relation
to the surface temperature, keeping in mind the underlying
uncertainties and spatial-dependent range of values of the
parameters appearing in Eq. (24), as discussed in Paper I.
Note, however, that this method, consisting in fixing a sin-
gle value Ec, is equivalent to fix the shape of the synchro-
curvature spectrum, given by the single-particle spectrum.
This limitation does not allow us to reproduce the observed
variety of shapes of γ-ray spectra (see §4).
3.3 Particle dynamics
In order to obtain the values of Γ and sinα along the trajec-
tory, we simulate the motion of charged particles along the
line. In Vigano` et al. (2015b) we already did it for a fixed
set of values for rc, E‖, B. We set the initial values for the
Lorentz factor Γin = 10
3 (a typical value for a pair created
by a GeV photon) and the pitch angle, sinαin = 0.5 (rep-
resenting a uniformly chosen random value, which makes
sense if the mean free path of γ-ray photons is large enough,
otherwise sinαin ≪ 1). Then we evolve the parallel and per-
pendicular momenta of particles according to the equations
of motion (Vigano` et al. 2015b):
d(p sinα)
dt
= −Psc sinα
v
, (25)
d(p cosα)
dt
= eE‖ − Psc cosα
v
. (26)
where p = Γmv is the momentum of the particle, v its spatial
velocity, and Psc is the synchrotron power radiated by one
particle, obtained by integrating in energy Eq. (9):
Psc =
2e2Γ4c
3r2c
gr . (27)
We show the evolution of Γ in Fig. 3, for four of the mod-
els of Table 1. Soon after pair creation, ξ ≫ 1, i.e. the
losses mostly regard the perpendicular momentum, being
approximated by synchrotron emission. Then, Γ increases
and sinα becomes very small. After having traveled a dis-
tance (x − xin) ∼ 0.01 − 1Rlc, the radiative losses can be
Figure 3. Evolution of Γ for a charged electron/positron, as a
function of the distance travelled along a magnetic field line (nor-
malized by Rlc, and where the origin is the place of particle cre-
ation), for the models Y00, Y01, Y02 and M00 of Table 1.
approximated by purely curvature radiation. In this regime,
electrons are mono-energetic at a given point in the gap,
because their Lorentz factor Γ is determined according to
the radiation-reaction steady state (i.e., electric force eE‖
balanced by purely curvature losses):
Γeq =
(
3
2
E‖r
2
c
e
)1/4
. (28)
Results are very similar to Vigano` et al. (2015b) and
Hirotani & Shibata (1999), with the difference being that
the equilibrium value of Γ varies with the position, due to
the change of the local values of rc and B. Since we assume
E‖ to be constant, rc increases and B decreases, then the
value of Γeq slightly increases. On the other hand, we find
the same trends: the larger the values of E‖ and/or rc, the
larger is Γ, because of relatively inefficient radiative losses,
as seen in Eq. (28).
In general, particles are able to quickly reach such equi-
librium state only if E‖ and rc are large enough. However,
in general, in the initial part of the trajectory the pitch an-
gle is not negligible, the Lorentz factor is smaller, and the
emitted radiation can be important. This is why we need to
consider the full expression of synchro-curvature radiation
and evaluate it along the whole trajectory of the particles
moving through the gap.
3.4 Effective particle distribution
In order to predict the observed spectra, we need to convolve
the single-particle spectrum along the trajectory with the
effective particle distribution, i.e., particles which emit high-
energy radiation towards us. Goldreich & Julian (1969) and
all the force-free magnetosphere models estimate the particle
density with the Goldreich-Julian value, given by
ngj = −
~Ω · ~B
2πec[1− (r/Rlc)2] , (29)
c© 0000 RAS, MNRAS 000, 000–000
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Table 1. Models used for the spectrum calculation: input parameters, peak of the E2dN/dE distribution, γ-ray efficiency (luminosity
in 0.1-100 GeV over rotational energy). We distinguish between young pulsar (Y) and millisecond pulsar (M) models. We consider two
baseline models, M00 and Y00, and the other models consider the variation of a single parameter. See Fig. 5 for the expected spectra.
Model P [s] xin/Rlc xout/Rlc η log(B⋆[G]) b E‖[10
7 V/m] Epeak[GeV] Lγ/E˙rot
w = 1 x0
Rlc
= 0.1 w = 1 x0
Rlc
= 0.1 w = 1
Y00 0.1 0.5 1.5 0.5 12 2.5 1 0.83 0.51 0.38 0.082
YE1 0.1 0.5 1.5 0.5 12 2.5 0.5 0.45 0.16 0.13 0.096
YE2 0.1 0.5 1.5 0.5 12 2.5 2 1.45 0.89 0.89 0.37
YE3 0.1 0.5 1.5 0.5 12 2.5 3 1.91 1.35 (1.41) 0.78
YB1 0.1 0.5 1.5 0.5 12.3 2.5 1 0.83 0.51 0.075 0.016
YB2 0.1 0.5 1.5 0.5 13 2.5 1 0.83 0.51 0.038 0.008
YB3 0.1 0.5 1.5 0.5 12 3 1 0.83 0.55 0.38 0.078
YB4 0.1 0.5 1.5 0.5 12 2 1 0.83 0.51 0.38 0.083
YN1 0.1 0.5 1.5 0.2 12 2.5 1 0.83 0.55 0.38 0.077
YN2 0.1 0.5 1.5 1.0 12 2.5 1 0.83 0.44 0.36 0.091
YX1 0.1 0.3 1.5 0.5 12 2.5 1 0.78 0.48 0.38 0.090
YX2 0.1 1.0 1.5 0.5 12 2.5 1 0.67 0.63 0.20 0.15
YX3 0.1 0.5 1.0 0.5 12 2.5 1 0.83 0.51 0.38 0.082
YX4 0.1 0.5 2.0 0.5 12 2.5 1 0.83 0.51 0.38 0.082
YP1 0.05 0.5 1.5 0.5 12 2.5 1 0.55 0.26 0.033 0.004
YP2 0.2 0.5 1.5 0.5 12 2.5 1 0.78 0.51 0.26 0.10
M00 0.005 0.5 1.5 0.5 8 2.5 5 0.59 0.29 (1.73) 0.24
ME1 0.005 0.5 1.5 0.5 8 2.5 1 0.042 0.007 0.0034 0.00004
ME2 0.005 0.5 1.5 0.5 8 2.5 10 1.02 0.78 (4.57) (1.47)
Figure 4. Gap-integrated spectra for the model Y00 of Table 1.
In solid colored lines we show the trajectory-integrated spectra
for different effective particle distribution (uniform in green or
exponential, Eq. 30, with x0/Rlc = 0.5, 0.2 or 0.1 in red, orange
and blue, respectively). Dotted, dashes, dot-dashed, triple dot-
dashed lines indicate the single-particle spectra emitted at the
specific positions (x − xin)/Rlc = 0.01, 0.1, 0.5, 1.0, respectively,
multiplied by N0B12/P , in order to be visually comparable with
the gap-integrated values.
However, in a gap, for definition, there is a lack of particles.
The e− − e+ pairs are continuously created and accelerated
away, thus partially screening the parallel electric field. A
precise value of the particle density requires self-consistent
numerical simulations. Moreover, not all the particles will
emit radiation towards us. As a consequence, depending on
the magnetospheric geometry and viewing angles, the ef-
fective particle distribution differs from the total particle
distribution in the gap. Since neither the total nor the ef-
fective number of particles are a-priori easy to estimate, we
assume that the gap-integrated effective number of particles
is N0B12/P [s], where N0 is a free parameter and the scaling
B/P is motivated by Eq. (29). In conclusion, we parametrize
the effective particle distribution as follows:
dN
dx
= N0
B12
P [s]
w(x) = N0
B12
P [s]
e−(x−xin)/x0
x0(1− e−xout/x0) , (30)
where we have introduced a relative weight, w(x), which
depends on the length-scale x0. The arbitrarily chosen func-
tional form (an exponential distribution) is one of the infinite
possible, effective ways to mimic possible effects of geome-
try (position of the gap, viewing angle and beaming), and,
if x0/Rlc . 1, to assign more importance to the radiation
emitted in the initial part of the trajectory, rather than the
final. Other functional forms with similar relative weights
between the inner and outer parts of the trajectory would
produce the same results.
A large weight to the initial part of the trajectories can
be physically, qualitatively justified by a number of effects,
as discussed also in Vigano` et al. (2015b), to which we refer
for further details. A trivial one is a favorable viewing angle.
Second, the cone of the emitted radiation at low Γ and low
photon energies is larger, thus we expect the beaming angle
to vary along the trajectories. Third, here we are considering
only the primary particles, but a cascade of secondary and
tertiary particles are expected to flow with lower Lorentz
factor (Cheng et al. 1986b). Such cascade would lose mostly
perpendicular momentum, providing synchrotron-like radia-
tion. Of course, the particle distribution above is an effective
way to account for these effects; a quantitative characteri-
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Figure 5. γ-ray spectra obtained for different gap models of Table 1. Solid curves are for uniform dN/dx, while dashed lines are for the
exponential distribution with x0 = 0.1Rlc. Left top panel: changes in E‖; top right: changes in B⋆, b or η; bottom left: changes in xin
or xout; bottom right: changes in spin period. The gray lines are the set of cut-off power law that best fit the observed spectra in the
range 0.1-100 GeV, as taken from the Fermi-LAT catalog, and extrapolated here down to 1 MeV. They represent all the young pulsars
(P > 10 ms), except the bottom right panel, where we show the millisecond sample only.
zation of its functional form could only be indicated by nu-
merical simulations that consider the complex production,
interaction, and propagation of photons and particles.
Finally, note that the same exponential distribution was
applied in our previous study of the radiation emitted by
a single particle along its trajectory, with constant B and
rc (Vigano` et al. 2015b). In that case, we studied different
weights, with normalization equal to one, to get the aver-
age of emitted spectra along the trajectory. The variety of
expected spectra is similar to the one we expose below.
4 RESULTS
According to the setup of the model described above, for a
pulsar of given period P (which defines Rlc, Eq. 20), and sur-
face magnetic field B⋆, the free parameters are: xin, xout, η,
b, E‖, and the particle distribution (uniform or, e.g. in our
setting, an exponential distribution with length-scale x0).
We fix the remaining parameters: N0 = 10
30 (typical value
for the Goldreich-Julian density integrated through the vol-
ume of the gap, e.g., Zhang & Cheng 1997), xout = xin+Rlc
(i.e., we fix the total length of the gap to be Rlc), Γin = 10
3,
and the initial pitch angle sinαin = 0.5.
In Table 1, we consider models with different sets of
parameters. We divide them in two families: young pulsars
(Y), and millisecond pulsars (M), according to the period,
which sets the light cylinder distance, the typical length-
scale of the problem. We take as baseline models Y00 and
M00, and we consider the other models by changing one of
the parameters: E‖ (models for which labels have a letter
E), B⋆ or b (B), η (N), gap extremes (X), period (P). This
representative, incomplete sample of possible models allows
to see general trends in the large space of parameters.
In Fig. 4 we show the expected spectrum for the base
model for young pulsars, Y00 (see Table for the values).
With black dashes, we show the single-particle spectra (mul-
tiplied by N0) at different positions along the trajectory
(from left to right: x/Rlc = 0.01, 0.1, 0.5, 1.0, respectively).
With colors, we plot the spectra for different effective parti-
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cle distributions (uniform or exponential with x0/Rlc indi-
cated in the legend). The higher the number of photons com-
ing from the initial part of the trajectory (i.e., x0 ≪ Rlc),
the lower is the peak of the spectral energy distribution. As
a consequence, the low-energy slope can be much softer than
that resulting from the synchro-curvature spectrum calcu-
lated for the external, steady-state regime of the trajectory,
as usually done in literature. On the other hand, distribu-
tions with larger x0 do not show any important difference
with the synchro-curvature spectra computed for values at
steady-state (e.g., approximated by curvature radiation).
The same trend is seen in all models, which are plotted
in Fig. 5. We see that some parameters produce important
changes: in particular, the values of E‖, Rlc and B⋆, besides
the already discussed importance of the particle distribu-
tion. On the other hand, the values of η and b play a lesser
role, at least within the explored range. For millisecond pul-
sar models, we need a larger E‖ to explain their luminosity.
This is consistent with the fact the classical OG model, when
applied to such sources, needs the presence of strong mul-
tipolar components in the magnetic field, which eventually
can support a larger electric field (Zhang & Cheng 2003).
We note that previous works, see Zhang & Cheng
(1997) and thereafter, do not find any low-energy slope
change despite they have also considered relative weights
of the spectrum (although see caveats above) because they
only considered radiation emitted in the reaction limit satu-
ration; neglecting the initial synchrotron dominated regime
in the particle dynamics.
In Fig. 6 we show the γ-ray 0.1–100 GeV luminosity,
Lγ , and efficiency (defined as the ratio between Lγ and the
spin-down power E˙rot) versus the rotational energy for our
model Y00, as obtained by changing the period (i.e., the
light cylinder) in our simulations. In our models we see a
strong anti-correlation in these quantities. This is due to
the fact that, keeping the same E‖ but increasing the pe-
riod (i.e., the light cylinder) the radiation losses are less ef-
fective. However, we recommend to take these results these
with caution since, for instance, a dependence of E‖ with the
period would change this correlation. A change in N0 would
also re-scale luminosity and efficiency. Furthermore, the ex-
plored phase space parameters of the model does not always
guarantee that the efficiency is less than one (see the low-
est spin-down models at the top-left part of the diagram);
although we see a general consistency and even a relatively
good comparison with data –despite the significant uncer-
tainty introduced by, for instance, distance estimates in the
real pulsars.
Finally, we remark that the presented results are gen-
erally valid for any model relying on the synchro-curvature
spectra. As a consequence, since we have not used specific
characteristics of the OG, the possible constraints on the
position of the emitting region can be applied to any kind
of gap.
5 CONCLUSIONS
In this work, we have calculated the synchro-curvature radi-
ation for a variety of model parameters, with an analytical
treatment which takes into account the uncertainties intrin-
sic to the assumptions of the model, as discussed in Paper I.
First, our calculations of the optical depth for the pair
production show how the X-ray flux and the position of the
gap are important. The former depends on the size of the
emitting region, which, in the thick outer gap model, is usu-
ally assumed to be limited to the bombarded polar cap. How-
ever, we recall that for young pulsars, the residual heat can
make the entire surface hot, providing different tempera-
tures compared to the bombardment estimate. The position
of the gap depends on the radius of the light cylinder (the
typical length scale of the problem), the global magneto-
spheric configuration, and the electrodynamics of the gap,
which is quite uncertain.
Second, we dealt with expected spectra, motivated by
the fact that the wealth of Fermi-LAT data (Abdo et al.
2013) allows us to test phenomenological and physical gap
models. In the literature, the modeling of γ-ray spectra has
not been deeply explored. The most popular mechanism is
thought to be the synchro-curvature radiation (often well-
approximated to the purely curvature radiation). For a given
set of magnetic field, curvature radius, electric field, then the
emitted radiation is described by a cut-off power law, with
a fixed low-energy slope of the energy spectral distribution
dPsc/dE ∼ E0.25. However, the observed Fermi-LAT pul-
sars show, on average, lower values of the power law index,
between -1 and 0.25. To our knowledge, this common feature
has not been explained yet, since spectra were computed for
a single-value set of parameters, and considering only the
steady-state, in which Γ has reached the equilibrium value
dictated by the balance between the electrical acceleration
and the radiative losses, dominated by curvature.
We have shown here that the qualitative features of the
observed spectra can be reproduced by fully (using the full
synchro-curvature losses) solving the particle dynamics, and
considering the superposition of the radiation emitted at the
different positions along the gap. In particular, if the view-
ing geometry, the position of the gap, and the beaming of
radiation are such that the initial, high-ξ part of the par-
ticle’s trajectory, whose emission approximated by purely
synchrotron radiation, weigh in more than the outer parts,
we obtain softer low-energy slopes.
In order to investigate this feature in deeper detail and
to gather generic constraints on the model parameters, we
shall next use the wealth of Fermi-LAT data. In a subse-
quent paper, we shall fit models to observed spectra of indi-
vidual sources. The spectral fits can give important indica-
tions on the radius of curvature and on the particle dynam-
ics. The peak energy is an indicator of the magnitude of the
electric field and the curvature radius. A systematic spectral
fit could also be able to confirm synchro-curvature radiation
as the dominant radiative mechanism in most pulsars. In
this sense, there are two main features to be considered.
First, the low-energy slope and the broadness of the
peak can constrain the effective distribution of particles. The
flat low-energy slope seen in many pulsars is compatible with
having more particles effectively emitting in the inner part of
the gap. Second, the sub-exponential dependence in energy
after the energy peak, claimed for the phase-average, good-
quality spectra of several sources, on the other hand, can-
not be reproduced by a purely synchro-curvature spectrum,
which has exponential dependence on E after the peak. How-
ever, a possible explanation for at least some of the pulsars
is that this is the result of the average over the phase of the
c© 0000 RAS, MNRAS 000, 000–000
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Figure 6. γ-ray luminosity and efficiency for our models Y00, changing only the period, and for different effective particle distributions.
Gray points indicates the observed young pulsars. See text for discussion.
emitted spectra, which parameters (like the peak energy and
the slope index) can vary by factors of a few between thus
providing a slower decay (see, e.g., Abdo et al. 2010, 2012).
On the other hand, if the sub-exponential cutoff is system-
atically seen and confirmed also for the phase-resolved spec-
tra, and/or a power-law fits data above several tens of GeV
(Aliu et al. 2008; Leung et al. 2014), it could point to other
possible high-energy radiation mechanism: inverse Compton
scattering against photons coming from the surface and/or
other parts of the magnetosphere, or against the same X-ray
synchro-curvature photons. The need for such component
remains to be assessed in future works.
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